AD  606277 


ON  INEQUALITIES  FOR 
DIFFERENTIAL  OPERATORS 


Richard  Bellman 


P-.1207  ■ 


Octobv^r  28,  1957 


Vpravatf  ftir  OIB  niiMi 


DDC  IRA  C 


pflni) 


MONICA  .  CAli»OlNi 


<  C  0  0  MAIN  t  f 


/ 


P-1207 

10-26-37 

-1- 


SU>^ARY 


the  following  probler.:  Given  that 


In  this  paper 

certain  functionals  of  u  and  Ito  derivatives  belong  to  given 
Iw:  lasses  over  the  Infinite  Interval,  whiSt  can  be  said  about 
the  L-daoses  of  other  functionals?  Utilizing  a  sliT.ple  device 
from  the  theory  of  linear  differential  equations, 

results,  due  to  Landau,  Kolmogoroff,  Halperlr*— von 


Neumann,  and  Nagy,  together  with  some  extensions. 
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In  this  paper  we  study  the  following  problem:  Given  that 
certain  functionals  of  u  and  Its  derivatives  belong  to  given 
L-classes  over  the  Infinite  Interval,  what  can  be  said  about 
the  L^lasses  of  other  functionals'’  Utilizing  a  simple  device 
from  the  theory  of  linear  differential  equations,  we  obtain  a 
niunber  of  results  due  to  Landau,  Kolmogorof f ,  Halperln-von 
Neumann,  and  Nagy,  together  with  some  extensions. 
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ON  INEQUALITIES  POP  DIFFERENTIAL  OPEPATORS 

Richard  Bellman 


1 .  INTRODUCTION 

Since  the  original  result  of  Hadamard  concerning  a  relation 
between  bounds  for  u(t),  u'(t)  and  u''(t)  for  t  in  a 

finite  Interval,  a  great  deal  of  work  has  been  done  in  the  field 
of  Inequalities  relating  various  functionals  of  u  and  Its 
derivatives  over  finite  and  Infinite  Intervals.  A  discussion 
of  some  questions  of  this  nature  may  be  found  in  the  book  by 
Hardy,  Llttlewood  and  Polya,  [4],  and  a  collection  of  more 
recent  results  In  the  appendix  to  thie  Russian  edition,  edited 
by  V.  Levin,  [^  .  For  the  case  where  u(t)  Is  an  ordinary 
polynomial,  a  trigonometric  polynomial,  or  an  entire  function 
of  exponential  type,  we  refer  to  the  book  by  Poas,  [Sj  • 

In  this  paper  we  are  Interested  In  problems  of  the  follow¬ 
ing  type:  Given  that  certain  functionals  of  u  and  Its 
derivatives  belong  to  given  L^lasses  over  the  Infinite  Interval, 
what  can  be  said  about  the  L^lasses  of  other  functionals'’ 
Utilizing  a  method  originally  sketched  In  our  book  on  stability 
theory,  [2],  p.  117,  we  derive  In  a  uniform  fashion  a  number 
of  results  previously  obtained  by  Landau,  [7]  ,  Kolmogoroff ,  [^]  , 
Halperln— von  Neumann,  ,  and  Nagy,  [9],  together  with  some 
extensions . 

Although  we  do  not  examine  the  deeper  problem  of  deters 
mining  best  possible  bounds,  we  shall  Indicate  briefly  how  the 
methods  we  present  can  be  used  to  obtain  Inequalities  as  well 


as  inclusion  results. 
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2.  NOTATION 

We  shall  write  u  €  for  the  statement  that 
/“|u|Pdt  <  00.  When  the  Interval  Is  [— oo,ooJ  Instead  of 
^0,oo]  ,  we  shall  write  u  «  L^[— oo,oo].  TYie  notation  u  t 
with  p  -  00  means  that  lu(  <  ^  0  <  t  <  oo  ,  or 

—00  <  t  <  00 ,  depending  upon  the  Interval  under  consideration. 


SOKE  IWEQU/ILITIBS  COKNECTINO  u,  u'  ^  u" 

In  this  section  we  shall  consider  Inequalities  of  the  type 
presented  by  Hadamard,  Esclangon,  Landau,  [?]  ,  and  Kolmogoroff, 
.  'Hie  paper  by  Kolmogoroff  contains  an  account  of  best 
possible  constants. 

We  wish  to  establish  the  following  result: 

Theorem  1.  ^  u  *  p  >  1,  u"  €  L^,  ^  2  then 

u ,  u '  e  for  m  ^  niax  [p ,  r]  . 

The  two  most  Interesting  cases  of  this  result, 
p  •  r  •  m  ■  00  ,  and  p  •  r  -  m  -  were  treated  In  [2]  . 

Proof.  Write 


(1)  u"  -  u  -  f  >  g, 


r  D 

where  f  <  L  and  g  t  Considering  this  relation  to  be  a 

linear  dlf  fer''ntlal  equation  for  u,  with  forcing  tenr.  f  -f  g , 
we  can  write  u  In  the  form 


(?) 


u  • 


c^e 


=  2* 


-t 


1  / 


t  r  ( t — 8  )  — ( t— e  ) 


—  e 


f(s)  g(3  ) 


ds . 
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The  assumption  that  f  €  L*"  and  g  t  Implies  that  the 

Integral  [f  ( s  )  g(  e)]ds  converges  and  that 

-t  n  a® 

e  /  e  [f(B)  -f  g(s)Jds  Is  bounded  as  t  ->•  oo .  Hence  In 
0 

order  that  u  ^  L^,  It  Is  necessary  that 

(3)  e"®[f(B)  ♦  g{s)]ds  -  0. 

Using  this  relation,  (2)  takes  the  fom 

(4)  u  -  c^e“^  4-  g]d8  -  e®[f  ♦  g]ds, 

t  ^  0 

which  yields 

(^)  u-  .  -  Cje-'^  +  e-®[r  +  ddB  +  e*[f  ♦  g]di. 

t  0 


Prom  this  representation,  we  readily  derive  the  stated 
results.  To  begin  with,  consider  the  case  where  m  •  od  . 
Since,  using  Holder's  Inequality, 


with  corresponding  results  for  Integrals  Involving  g,  we  see 
that  1 u I  and  1 u  '  ' 


are  uniformly  bounded  for  t  >  0. 
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If  1  <  m  <  00  ,  we  have 


Consider  a  typical  term  on  the  rlght—iiand  aide. 

Ve  have 


Integrating  by  parts,  we  have 


m 


<  oo  . 
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We  see  that  the  condition  that  rr.  >  p  plays  8J)  essential  role. 
This  completes  the  proof. 

Observe  that  we  have  actually  estatllshed  a  stronger 
result  than  stated.  It  Is  not  necessary  that  u  t  and 
u"  t  but  only  that 


N 


p.  r 

with  f^  t  L  ,  ^  *  Pk*  ^ 

( 11 )  ni  >  Max  • 

k 

INEQUALITIES  COWNECTING  u,  ^ 

To  obtain  a  corresponding  result  for  a  general  triplet  of 
derivatives,  u,  u^^^  and  u^^\  n  >  k  >  1,  we  use  the 
equation 

(1)  u<">  -  u  .  f  +  g, 

if  n  -  4m  2  or  odd,  and 

(2)  u^"^  u  -  f  +  g, 

If  n  ■  4m. 

TVie  reason  for  this  change  of  equation  lies  In  our  desire 
to  avoid  the  case  where  the  characteristic  equation  contains  a 
root  with  zero  real  part.  The  result  corresponding  to  'Hieorem 
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Theor#in  2.  ^  u  t  L^,  t  L**,  p,  r  ^  1,  n  >  1, 

thtn  u  ^  ^  ^  fc  L®  for  m  >  Max  [p ,  r]  and  k»0,  1,  2,  ...,n-l. 
Ttie  proof  follows  the  same  lines  as  above. 

3.  /ILTERHATIVE  APPROACH  FOR  u,  u'  ^  u" 

If  in  place  of  the  statement  of  Theorem  1  we  wish  to 
obtain  actual  Inequalities,  we  cim  proceed  as  follows.  From 
the  relation 

(1)  ^  u)]  -  .-*(u*  -  u). 

we  obtain  for  u(t)  satisfying  the  hypothesis  of  Theorem  x 
the  relation 

(2)  u’«—  u  —  e^/®  e“^  [u*  —  u]ds. 

't 


This  result  is  also  obtainable  from  (^.‘^)  upon  integrating 
by  parts  and  observing  that  •  [u(0)  -  u'(0)]/2. 

Hence 


(3) 

Max  1 u ' 1  < 

2  Max  |ui 

Max  1  u  "  1  . 

t^o  “ 

t^o 

t^O 

Replacing 

u(t)  by 

u(rt)  for 

r  >  0,  we  obtain  the  relation 

(M 

r  Max  |u' 1 

<  2  Max  |u| 

♦  r^  Max  ! u" ! , 

t^ 

*“  t^o 

t>0 

for  r  > 

0.  Prom  this  it  follows 

that 

(Max  lu'l)^  <  6(Max  |ul)(Max  |u"|). 
t^C  t>0  t>0 


(5) 
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Slmllarly,  we  can  obtain  aji  Inequality  connecting 

iul^dt  and  /'^  |u"|^dt;  cf.  the  argumenta 
0  ^0  ^0 

given  in  [l]  . 

Perhaps  the  easiest  way  to  obtain  extensions  of  the  equation 
in  (2)  Is  to  use  the  vectorwnat rlx  relation 

■  e^^(Ax  +  1), 

where  x  Is  an  n— dimensional  vector,  or 

(7)  X  -  e"^^ e^®(Ax  *►  l)ds, 

t 

for  A  Is  a  stability  matrix. 

Choosing  A  suitably,  and 

“  \ 

(B)  X  -  u*  , 


( k ) 

we  obtain  a  variety  of  relatione  connecting  u'  '  with  linear 
combinations  of  u  and  the  derivatives  of  u.  In  this  way, 

V 

we  can  derive  a  number  of  extensions  of  (S). 

6.  AN  INEQUALITY  OP  HALPERIW  AND  VOH  WBWANN  AND  EXTENSIONS 

An  extension  of  tfie  foregoing  techniques  yields  an  exten¬ 
sion  of  the  previous  results.  Let  us  begin  by  establishing 
Theorem  3.  If 
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a.  u"  -f  a^(t)u'  a2(t)u 

(1 )  b.  u  L 

c.  |a^(t)|,la2(t)l<c^<aD,  0<t, 

Chen  u,  u'  for  rr  ^  Max  (r,p). 

Proof .  Let  ua  dlacusa  only  the  case  where  m  -  oo  ,  which 
means  that  we  are  studying  the  unlfonn  boundedness  of  iu'l* 

The  general  case  can  be  treated  In  the  same  fashion.  In  addition 
to  the  device  we  have  been  using  in  the  previous  sectlone,  we 
must  Introduce  an  additional  one. 

We  write 

u"  —  M^u  •  u"  -f  aj(t)u*  ♦  a^(t)u 

(2)  -  [a^(t)u‘  a2(t)u  M^u] 


-  f(t)  -  a^(t)u', 

where  f(t)  t  B[0,oo] ,  by  virtue  of  the  assumptions  In  (l). 
Solving  for  u,  we  write 


^  ^  1  /’t 

u  .  c^e  >  c^e  ^ 


^M(t— c)  __  ^(t— «)"] 


f ( 8 )d8 


(3) 


1  /^t  r_M{t— s)  -Jl(t— e) 


a^(  8 )u  * ( 8 )d8  . 


Since  It  Is  easily  established  that  [u"  -f  a^(t)u'  -f 
a2(t)u]  t  B[0,oo]  ,  a^(t)  t  B[0,oo] ,  1  -  1,  2,  Imply  that 
Iu'(t)|  <  c^e^^  for  some  constants  and  b,  we  see  that 
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the  Integrals  e"^®a  (s)u'(8)dB  and  e“'^*f(8)di 

converge.  Coneeqviently  (3)  has  the  form 


(M 


®1®  ^0  ~  ®  ®  a^(8)u’(8)ds 

*  ^ =~"°[f(s)  -  aj(s)u'(8)]d.. 


and 


(5) 


u'  -  - 


Wc,e  +  —  /  e  e  f(8)ds 
^  ^0 


1  t  _— Mt  Ms  /  \  ,/  \  , 
-w/  e  e  a,(s)u'(s )ds 

^0  ^ 


Mt 


■♦■  e~^®[P(8)  -  a^(s)u'(8)]d8. 

t 


From  this  It  follows  for  am  appropriate  constant  that 


u'  I  <  C2 


(6) 


,-Mt  +  e-Mt  /'t 

0 

.  Mt  p  t  Ms  I  ,  /  *  I 
♦e  /  e  |u'(s)|dJ 

0 

e  /  e  I  f  (  8  )  I  d£ 

'^t 


+  e 


Mt  /■>oc  Ms 


e  I u ' ( 3 ) I ds 


Thus,  for  an  appropriate  c^. 
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(7) 


Max  |u'|  <  c,  +  (Max  lu'l)/M 


Max  ^oo  |  ^  •  ( g )  |  ds ) , 

0<t<T 


whence 

(8) 


Max 

0<t<T 


lu'l  <  c^d  -  l/'Vl)  +  Max  (e”V’®e"”®d'd)|ci8)/(l-l,^)L 
“  ^  0<t<T  n 


Aaaumlng  that  M  >  5,  we  have 

(9)  ’•'aA.  I  u  I  s  T 


Mt  _  Ms 

Max  lu'l  <  Ci^  -f  Max  (  e"^/^°°  e  |u'(8)lds|  . 
0<t<T  ”  ^  0<t<T  \  "t 


On  the  other  hand,  returning  to  (6)  we  have 
_  Mt  (-  3Wt 

/®  e  "^lu'Ctjldt  <  r  I 


“t 


dt 


>Mt 


/  /t  e^®lf(s)|ds^  dt 


JMt 


(10) 


^  '  00 

-►  /  e 


e^®  I u '  (b  )  I  ds)  dt 


Mt 


^  />oo  yico  ^-Ms 

t 


e-MS|f(g)|dBj  dt 

Mt 

e-”®|u'(8)|ds)  dt 


Integrating  by  parte  we  obtain 
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(11) 


(12) 

Hence 

(13) 


Mt 


®  e  '^|u'(t)|dt  1  <^2 1  ® 


3Mt 

-ir 


-  ^ 

+  w  e  /  ^  e^®|f(s)|d3 

-  0 


Ms 


I  oo 


"IF  « 


I f ( s ) ! ds 


3«t 


C-  ^  t  ^Me  ;  u  I  (  g  )  I  (jg 
"0 

_  Ms 


+  w  /  ^e  ‘^|u'(s)|d8 
t 

Mt 

-T 

2  e  /  oo  — Ws  \  /  \  I  j 

+  /  e  I  f(B)  Ids 

‘'t 

_  Mt 

+  o  “^Ifdjidt 

‘  t 

Mt 

,  2  2  /  oo  — Ws  I  ,  /  \  I  j 

■♦•we  /  e  I  u '  ( s  )  I  ds 


M 


t ' 


Ms 


w,/°^  e  '^|u'(8)  Ids 


It  follows  that 
Mt 


Mt 


e  ~^|u'(t)|dt  <  c,[l  -f  1^-  e^®|u'(8)|d8 

‘"t  “  0 


.-Mt 


Mt 


Mt 


Max  I e  / 
0<t<:T 


u'(t)ldt]  <  c,  -f  w  Max  |u'(s)| 
“  ^  0<t<T 
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Cotnblnlng  (8)  and  (15),  we  see  that  Max  lu'(8)l  Is 

0<t^ 

uniformly  bounded  for  T  >  0.  Is  cor.pletos  the  proof. 

TTie  proof  of  the  general  result  proceeds  In  analogous 
fashion . 

7.  AN  INEQUALITY  OF  NAQY 

The  following  result  was  obtained  by  Nagy,  [9] . 

Theorem.  P  >  u'  t  L^[— oo,oo], 

r  >  1,  then  u  t  L^^[— oo.oo),  for  t  >  0. 

In  addition,  Nagy  obtains  a  much  stronger  result  with 
best  possible  constants.  Although  we  cannot  establish,  using 
the  previous  methods,  the  result  In  all  generality.  It  Is  easy 
to  demonstrate  the  result  for  p  >  1.  We  have 

(1)  u'  -f  u  -  f  g, 

where  f  L^l— oo.ool,  g  L^[— od  ,00  )  .  Thus,  u  must  have 

the  form 

(2)  u  -  e~^  /  ^  f(8)e°d8  e~^  /  ^  g(s)e®ds. 

'■—CD  '— oo 

The  conditions  on  f  and  g  result  In  the  uniform  boundedness 
of  u.  Hence  u  f  L^[— oo  ,ooJ  Implies  that  u  t  oo,ooJ 


for  b  >  0. 
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